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MORLEY-WANG-XU ELEMENT METHODS WITH PENALTY FOR
A FOURTH ORDER ELLIPTIC SINGULAR PERTURBATION
PROBLEM
WENQING WANG∗, XUEHAI HUANG† , KAI TANG‡ , AND RUIYUE ZHOU‡
Abstract. Two Morley-Wang-Xu element methods with penalty for the fourth order elliptic
singular perturbation problem are proposed in this paper, including the interior penalty Morley-
Wang-Xu element method and the super penalty Morley-Wang-Xu element method. The key idea
in designing these two methods is combining the Morley-Wang-Xu element and penalty formulation
for the Laplace operator. Robust a priori error estimates are derived under minimal regularity
assumptions on the exact solution by means of some established a posteriori error estimates. Finally,
we present some numerical results to demonstrate the theoretical estimates.
Key words. Fourth Order Singular Perturbation Problem, Morley-Wang-Xu Element, Interior
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1. Introduction. Assume that Ω ⊂ Rd with d = 2, 3 is a bounded polytope.
Let f ∈ L2(Ω), then the fourth order elliptic singular perturbation problem is to find
u ∈ H20 (Ω) satisfying
(1.1)
{
ε2∆2u−∆u = f in Ω,
u = ∂nu = 0 on ∂Ω,
where n is the unit outward normal to ∂Ω, and ε is a real small and positive param-
eter. Problem (1.1) models the thin buckling plates with u being the displacement
in two dimensions [24]. It can also be viewed as a simplification of the stationary
Cahn-Hilliard equation in three dimensions [39] and the linearization of the vanishing
moment method for the fully nonlinear Monge-Ampe`re equation [6]. The variational
formulation of problem (1.1) is to find u ∈ H20 (Ω) such that
(1.2) ε2a(u, v) + b(u, v) = (f, v) ∀ v ∈ H20 (Ω),
where
a(u, v) = (∇2u,∇2v), b(u, v) = (∇u,∇v)
with (·, ·) being the L2 inner product over Ω.
The H2-conforming finite elements are suitable to discretize the fourth order op-
erator and the second order operator in problem (1.1) simultaneously [41], such as the
Argyris element [2] and its three-dimensional counterpart [55], Hsieh-Clough-Toucher
element [19]. However the H2-conforming finite elements require higher degree poly-
nomials or macroelement techniques which are completely not necessary since the
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boundary layers of problem (1.1) (cf. [38, section 5]). To this end, nonconform-
ing finite element methods are more popular for the fourth order elliptic singular
perturbation problem. To be specific, many H2-nonconforming elements which are
H1-conforming have been constructed for problem (1.1) in [38, 43, 30, 45, 15, 14, 54,
16, 48, 49]. And several H1-nonconforming elements for problem (1.1) were studied
in [18, 17, 45]. In [8], the C0 interior penalty discontinuous Galerkin (IPDG) method
was devised for problem (1.1). With the help of some a posteriori error estimates,
the authors analyzed the C0 IPDG method under minimal regularity assumptions.
And the C0 IPDG method was reanalyzed for a layer-adapted mesh in [25]. As a
matter of fact, any other discontinuous Galerkin methods for the fourth order elliptic
problem [23, 53, 31, 34, 32, 35, 1, 33, 5, 37, 42, 7, 26] can be used to design robust
discretizations for problem (1.1).
It is well-known that the Morley-Wang-Xu [36, 50] element has the fewest number
of degrees of freedom on each element among the existing conforming and noncon-
forming finite elements for the fourth order problems. Unfortunately, it has been
proved and demonstrated in [38, 46] that the Morley element method is divergent
for general second order elliptic problems, which indicates that it is also divergent
for problem (1.1) as ε → 0 (cf. [38, Table 1]). To deal with the divergence of the
Morley-Wang-Xu element for the Laplace operator, Wang and his collaborators mod-
ified the bilinear formulation corresponding to the Laplace operator by introducing
an interpolation operator [52, 47]. The resulting discrete method possessed the sharp
half-order convergence rate for the general values of ε, however, which was a lower
order convergent finite element method for Poisson equation when ε = 0. The modi-
fied Morley-Wang-Xu method in [52, 47] was proved to be robust with respect to the
parameter ε.
In this paper, we present two Morley-Wang-Xu element methods with penalty
for the fourth order elliptic singular perturbation problem (1.1). In consideration
of the simplicity of the Morley-Wang-Xu element, we still use the Morley-Wang-Xu
element to discretize problem (1.1) as in [52, 47]. Instead of introducing the interpo-
lation operator, the interior penalty discontinuous Galerkin (IPDG) formulation [3]
is adopted to dispose of the Laplace operator in our first method. The consistency
of the Morley-Wang-Xu element method for the Laplace operator is overcame by the
IPDG formulation. Then in order to simplify the discrete bilinear formulation, we
use the super penalty discontinuous Galerkin formulation [5, 13] to approximate the
bilinear formulation b(·, ·) in the second method. The discrete bilinear formulation of
the super penalty Morley-Wang-Xu element method has only one more term than the
continuous bilinear formulation b(·, ·), i.e. the super penalty term∑
F∈Fh
1
h2p+1F
(JuK, JvK)F .
It’s worth mentioning that both two Morley-Wang-Xu element methods with penalty
in this paper can be generalized to any dimensions.
Borrowing the ideas in [29, 28, 8], we first establish some local lower bound
estimates of a posteriori error analysis, based on which the a priori error estimates
are derived under minimal regularity assumptions on the exact solution. To the best
of our knowledge, there are few works on the a posteriori error estimates for the
fourth order elliptic singular perturbation problem in the literatures. Reliable and
efficient a posteriori error estimators were constructed for the nonconforming finite
element methods in [56]. And some local lower bound estimates of a posteriori error
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analysis were proved for the C0 IPDG method in [8]. Recently, robust residual-based a
posteriori estimators were developed for Ciarlet-Raviart mixed finite element method
in [22].
The influence of the boundary layers of problem (1.1) is also considered in the a
priori error estimates for the interior penalty Morley-Wang-Xu element method in this
paper. Both the Morley-Wang-Xu element methods with penalty converge uniformly
with respect to the parameter ε. In consideration of the boundary layers, the robust
and sharp half-order convergence rate of the interior penalty Morley-Wang-Xu element
method is achieved for the general values of ε. And we improve the convergence rate
in the following two cases: (1) the parameter ε is bounded both from above and below
by positive constants independent of the mesh size h; (2) ε . hγ with γ > 1.
The rest of this paper is organized as follows. In Section 2, we provide some
notations and the description of the Morley-Wang-Xu element. The interior penalty
Morley-Wang-Xu element method and the super penalty Morley-Wang-Xu element
method are presented and analyzed in Section 3 and Section 4 respectively. Some
numerical results are provided in Section 5.
2. Preliminaries. Given a bounded domain G ⊂ Rd and a non-negative integer
m, let Hm(G) be the usual Sobolev space of functions on G. The corresponding norm
and semi-norm are denoted respectively by ‖ · ‖m,G and | · |m,G. Let (·, ·)G be the
standard inner product on L2(G), (L2(G))d or (L2(G))d×d. If G is Ω, we abbreviate
‖ · ‖m,G, | · |m,G and (·, ·)G by ‖ · ‖m, | · |m and (·, ·), respectively. Let Hm0 (G) be the
closure of C∞0 (G) with respect to the norm ‖ · ‖m,G. Let Pm(G) stand for the set
of all polynomials in G with the total degree no more than m. Denote by PmG the
L2-orthogonal projection operator onto Pm(G). And the range of P
m
G is defined to be
zero when m is a negative integer. For any finite set S, denote by #S the cardinality
of S.
Suppose the domain Ω is subdivided by a family of shape regular simplicial grids
Th (cf. [11, 19]) with h := max
K∈Th
hK and hK := diam(K). Let Fh be the union of all
d− 1 dimensional faces of Th and F ih the union of all interior d− 1 dimensional faces
of the triangulation Th. For any F ∈ Fh, denote by hF its diameter and fix a unit
normal vector nF . For each K ∈ Th, denote by nK the unit outward normal to ∂K.
Without causing any confusion, we will abbreviate nK as n for simplicity. Set for any
face F ∈ Fh
∂−1F := {K ∈ Th : F ⊂ ∂K}, ωF := interior
( ⋃
K∈∂−1F
K¯
)
.
Discrete differential operators ∇h is defined as the elementwise counterpart of ∇ with
respect to Th. Throughout this paper, we also use “. · · · ” to mean that “≤ C · · · ”,
where C is a generic positive constant independent of h and the parameter ε, which
may take different values at different appearances.
Moreover, we introduce averages and jumps on d− 1 dimensional faces as in [31].
Consider two adjacent simplices K+ and K− sharing an interior face F . Denote by
n+ and n− the unit outward normals to the common face F of the simplices K+ and
K−, respectively. For a scalar-valued function v, write v+ := v|K+ and v− := v|K− .
Then define the average and jump on F as follows:
{v} := 1
2
(v+ + v−), JvK := v+nF · n+ + v−nF · n−.
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On a face F lying on the boundary ∂Ω, the above terms are defined by
{v} := v, JvK := vnF · n.
Define two sets by
C1 := {1, 2, · · · , d+ 1}, C2 := {I = (i1, i2); 1 ≤ i1 < i2 ≤ d+ 1}.
Then for a d-simplex K with d + 1 vertices pi (1 ≤ i ≤ d + 1), and for j ∈ C1 and
I = (i1, i2) ∈ C2, denote by FKj the (d− 1)-subsimplex of K without pj as its vertex,
while denote by FKI the (d − 2)-subsimplex of K without pi1 and pi2 as its vertices.
As usual, |F | denotes the measure of a given open set F . With the partition Th, the
Morley-Wang-Xu element [50, 36, 51] is defined as follows: for any K ∈ Th, the local
shape function space PK is P2(K) and the nodal variables are given by
(2.1) NK :=
{
1
|FKI |
∫
FKI
v ds ∀ I ∈ C2, 1|FKj |
∫
FKj
∂nv ds ∀ j ∈ C1
}
.
Associated with the partition Th, the global Morley-Wang-Xu element space Vh con-
sists of all piecewise quadratic functions on Th such that, their integral average over
each (d − 2)-dimensional face of elements in Th are continuous, and their normal
derivatives are continuous at the barycentric point of each (d− 1)-dimensional face of
elements in Th. And define
Vh0 =
{
v ∈ Vh : 1|FKI |
∫
FKI
v ds =
1
|FKj |
∫
FKj
∂nv ds = 0 ∀FKI , FKj ⊂ ∂Ω
}
.
3. Interior penalty Morley-Wang-Xu element method. In this section,
we will devise an interior penalty Morley-Wang-Xu element method for problem (1.1)
by using the interior penalty discontinuous Galerkin formulation to approximate the
bilinear formulation corresponding to the Laplace operator.
Set discrete bilinear forms
ah(w, v) :=
∑
K∈Th
(∇2w,∇2v)K ∀ w, v ∈ H2(Ω) + Vh,
bh(w, v) :=
∑
K∈Th
(∇w,∇v)K −
∑
F∈Fh
({∂nFw}, JvK)F − ∑
F∈Fh
({∂nF v}, JwK)F
+
∑
F∈Fh
σ
hF
(JwK, JvK)F ∀ w, v ∈ H1(Ω) + Vh,
where σ is a positive real number. Then the interior penalty Morley-Wang-Xu
(IPMWX) element method for problem (1.1) is to find uh ∈ Vh0 such that
(3.1) ε2ah(uh, vh) + bh(uh, vh) = (f, vh) ∀ vh ∈ Vh0.
Remark 3.1. Apart form the interior penalty discontinuous Galerkin (IPDG)
formulation [13, 12, 4, 40], many other discontinuous Galerkin formulations [20]
can be also used to tackle the divergence of the Morley element for the Laplace
operator, such as local discontinuous Galerkin method [21], compact discontinuous
Galerkin method [40], weakly over-penalized symmetric interior penalty method [10],
etc. Among all of these discontinuous Galerkin methods, the IPDG method is one
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of the simplest formulations to discretize the Laplace operator, and it possesses the
compact stencil in the sense that only the degrees of freedom belonging to neighboring
elements are connected.
For any w ∈ H1(Ω) + Vh, define some discrete norms
|w|21,h :=
∑
K∈Th
|w|21,K , |w|22,h :=
∑
K∈Th
|w|22,K ,
9w92 := |w|21,h + ∑
F∈Fh
h−1F ‖JwK‖20,F , ‖w‖2ε,h := ε2|w|22,h + 9w 92 .
It follows from [3]
bh(wh, vh) . 9wh 9 9vh9, 9wh92 . bh(wh, wh) ∀ wh, vh ∈ Vh,
when σ is large enough. Hence we have
ε2ah(wh, vh) + bh(wh, vh) . ‖wh‖ε,h‖vh‖ε,h ∀ wh, vh ∈ Vh,
(3.2) ‖wh‖2ε,h . ε2ah(wh, wh) + bh(wh, wh) ∀ wh ∈ Vh.
The wellposedness of the IPMWX method (3.1) follows immediately from (3.2).
To derive the error estimate under minimal regularity of the exact solution u, we
first recall some a posteriori error estimates [8].
Lemma 3.2. Let u ∈ H20 (Ω) be the solution of problem (1.1). Then we have for
any wh ∈ Vh0, K ∈ Th, and F ∈ F ih
‖f + ∆wh‖0,K .ε2h−2K |u− wh|2,K + h−1K |u− wh|1,K + ‖f −QrKf‖0,K ,(3.3)
‖J∂2nnwhK‖20,F . ∑
K∈∂−1F
(
h−1K |u− wh|22,K + ε−4hK |u− wh|21,K
+ ε−4h3K‖f −QrKf‖20,K
)
,(3.4)
‖J∂nFwhK‖20,F . ∑
K∈∂−1F
(
ε4h−3K |u− wh|22,K + h−1K |u− wh|21,K
+ hK‖f −QrKf‖20,K
)
,(3.5)
where QrK is defined as the L
2-orthogonal projection operator onto Pr(K) with any
non-negative integer r.
Proof. Estimates (3.3)-(3.5) has been proved in [8] for d = 2. Here we will
focus on these a posteriori error estimates for d = 3. We can readily derive (3.3) in
three dimensions as in [8] by standard bubble function argument. Next we will prove
(3.4)-(3.5) by using bubbles functions in [1] rather than those in [8].
Let K1 and K2 be two elements in Th sharing the common face F . With F , we
associate a face bubble function given by (cf. [44, 31])
bF :=
{
λK1,1λK1,2λK1,3λK2,1λK2,2λK2,3 in ωF ,
0 in Ω\ωF ,
where λK1,i and λK2,i for i = 1, 2, 3 are barycentric coordinates of K1 and K2 as-
sociated with three vertices of F , respectively. Suppose the plane face F lying in is
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governed by nF · x + C1 = 0 where C1 is a constant. By direct manipulation, we
readily get
(3.6) |nF · x+ C1| . hF in ωF .
Set J1,F := J∂2nnwhK|F . And J˜1,F is defined by extending the jump J1,F to ωF
constantly along the normal to F . By the inverse inequality, it holds for each K ∈
∂−1F
(3.7) ‖J˜1,F ‖0,K . h3/2K ‖J˜1,F ‖L∞(K) = h3/2K ‖J1,F ‖L∞(F ) . h1/2F ‖J1,F ‖0,F .
Take φF := (nF · x+ C1)b2F J˜1,F ∈ H20 (ωF ). Then we get from (3.6)-(3.7)
(3.8) φF = 0, ∂nF φF = b
2
F J˜1,F∂nF (nF · x+ C1) = b2F J˜1,F = b2FJ1,F on F,
(3.9)
∑
K∈∂−1F
‖φF ‖0,K . hF
∑
K∈∂−1F
‖J˜1,F ‖0,K . h3/2F ‖J1,F ‖0,F .
According to standard scaling argument, (3.8) and the fact that φF = 0 on each edge
of K1 and K2,
‖J1,F ‖20,F .(J1,F , ∂nF φF )F = (J∂2nnwhK, ∂nF φF )F
=
∑
K∈∂−1F
(∂2nnwh, ∂nφF )∂K =
∑
K∈∂−1F
((∇2wh)n,∇φF )0,∂K .
Applying integration by parts, (3.8) and (1.2), it follows that
ε2‖J1,F ‖20,F .ε2
∑
K∈∂−1F
(∇2wh,∇2φF )0,K
=ε2
∑
K∈∂−1F
(∇2(wh − u),∇2φF )0,K +
∑
K∈∂−1F
(∇(wh − u),∇φF )0,K
+
∑
K∈∂−1F
(f + ∆wh, φF )0,K .
Then from Cauchy-Schwarz inequality, (3.3) and inverse inequality, we get
ε2‖J1,F ‖20,F .
∑
K∈∂−1F
(
ε2|u− wh|2,K |φF |2,K + |u− wh|1,K |φF |1,K
)
+
∑
K∈∂−1F
‖f + ∆wh‖0,K‖φF ‖0,K
.
∑
K∈∂−1F
(
ε2h−2K |u− wh|2,K + h−1K |u− wh|1,K
) ‖φF ‖0,K
+
∑
K∈∂−1F
‖f −QrKf‖0,K‖φF ‖0,K ,
which together with (3.9) implies (3.4).
Let J2,F := J∂nFwhK|F . And J˜2,F is defined by extending the jump J2,F to ωF
constantly along the normal to F . Set ψF := b
2
F J˜2,F ∈ H20 (ωF ). It is easy to check
that
(3.10) ‖ψF ‖0,ωF . h1/2F ‖J2,F ‖0,F .
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By standard scaling argument, integration by parts and (1.2), it follows that
‖J2,F ‖20,F .(J∂nFwhK, ψF )0,F = ∑
K∈∂−1F
(∂nwh, ψF )∂K
=
∑
K∈∂−1F
(∇wh,∇ψF )K +
∑
K∈∂−1F
(∆wh, ψF )K
=
∑
K∈∂−1F
(∇(wh − u),∇ψF )K +
∑
K∈∂−1F
(f + ∆wh, ψF )K
+ ε2
∑
K∈∂−1F
(∇2(wh − u),∇2ψF )K − ε2
∑
K∈∂−1F
(∇2wh,∇2ψF )K .(3.11)
Noting that ψF = 0 on each edge of K again, we obtain
(∇2wh,∇2ψF )K = ((∇2wh)n,∇ψF )∂K = (∂2nnwh, ∂nψF )∂K .
Thus ∑
K∈∂−1F
(∇2wh,∇2ψF )K = (J∂2nnwhK, ∂nFψF )F .
Therefore (3.5) will be achieved from (3.11), (3.10) and (3.3)-(3.4).
We also need the enriching operator Eh from Vh0 to some conforming finite ele-
ment space V Ch0 ⊂ H20 (Ω). Here we adopt Argyris-Zhang element space [2, 55] for V Ch0
(5th Argyris-Zhang element for d = 2 and 10th Argyris-Zhang element for d = 3).
For each wh ∈ Vh0, define Ehwh ∈ V Ch0 such that for any degree of freedom N located
in the interior of Ω,
N(Ehwh) =
1
#TN
∑
K∈TN
N(wh|K),
where TN ⊂ Th denotes the set of simplices sharing the degree of freedom N . By
technique used in [8] and the weak continuity of Morley-Wang-Xu element [50], we
have for any wh, vh ∈ Vh0 and K ∈ Th
(3.12) ((∇2wh)n,∇(vh − Ehvh))0,∂K = (∂2nnwh, ∂n(vh − Ehvh))0,∂K ,
∑
K∈Th
h−4K ‖wh − Ehwh‖20,K +
∑
K∈Th
h−3K ‖wh − Ehwh‖20,∂K
+
∑
K∈Th
h−1K ‖∂n(wh − Ehwh)‖20,∂K . |wh|22,h,(3.13)
∑
K∈Th
h−2K ‖wh − Ehwh‖20,K +
∑
K∈Th
h−1K ‖wh − Ehwh‖20,∂K
+
∑
K∈Th
hK‖∂n(wh − Ehwh)‖20,∂K . |wh|21,h,(3.14)
‖Ehwh‖ε,h . ‖wh‖ε,h.(3.15)
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Lemma 3.3. Let u ∈ H20 (Ω) be the solution of problem (1.1). It holds for any
wh, vh ∈ Vh0
(f, vh − Ehvh)− ε2ah(wh, vh − Ehvh)− bh(wh, vh − Ehvh)
. (‖u− wh‖ε,h + osch(f)) ‖vh‖ε,h,(3.16)
where osc2h(f) :=
∑
K∈Th
h2K‖f −QrKf‖20,K .
Proof. Applying integration by parts, we get from (3.12) and the weak continuity
of ∂nF vh
ah(wh, vh − Ehvh) =
∑
K∈Th
((∇2wh)n,∇(vh − Ehvh))∂K
=
∑
K∈Th
(∂2nnwh, ∂n(vh − Ehvh))∂K
=
∑
F∈Fih
(J∂2nnwhK, {∂nF (vh − Ehvh)})F .
Using Cauchy-Schwarz inequality and (3.4), it holds
− ε2 (J∂2nnwhK, {∂nF (vh − Ehvh)})F ≤ ε2‖J∂2nnwhK‖0,F ‖{∂nF (vh − Ehvh)}‖0,F
.
∑
K∈∂−1F
ε2|u− wh|2,Kh−1/2K ‖{∂nF (vh − Ehvh)}‖0,F
+
∑
K∈∂−1F
(
|u− wh|1,K + hK‖f −QrKf‖0,K
)
h
1/2
K ‖{∂nF (vh − Ehvh)}‖0,F .
Then we get from (3.13)-(3.14)
−ε2ah(wh, vh − Ehvh) .ε2|u− wh|2,h‖vh‖2,h + (|u− wh|1,h + osch(f)) |vh|1,h
. (‖u− wh‖ε,h + osch(f)) ‖vh‖ε,h.(3.17)
On the other hand, it follows from integration by parts
(f, vh − Ehvh)− bh(wh, vh − Ehvh)
=
∑
K∈Th
(f + ∆wh, vh − Ehvh)K −
∑
F∈Fih
(J∂nFwhK, {vh − Ehvh})F
−
∑
F∈Fh
({∂nF (vh − Ehvh)}, Ju− whK)F + ∑
F∈Fh
σ
hF
(Ju− whK, Jvh − EhvhK)F .(3.18)
By (3.3), it holds
(f + ∆wh, vh − Ehvh)K ≤‖f + ∆wh‖0,K‖vh − Ehvh‖0,K
.ε2|u− wh|2,Kh−2K ‖vh − Ehvh‖0,K
+ (|u− wh|1,K + hK‖f −QrKf‖0,K)h−1K ‖vh − Ehvh‖0,K .
Hence we obtain from (3.13)-(3.14)∑
K∈Th
(f + ∆wh, vh − Ehvh)K .ε2|u− wh|2,h‖vh‖2,h + (|u− wh|1,h + osch(f)) |vh|1,h
. (‖u− wh‖ε,h + osch(f)) ‖vh‖ε,h.(3.19)
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Due to (3.5), it follows
‖J∂nFwhK‖0,F ‖{vh − Ehvh}‖0,F
.
∑
K∈∂−1F
ε2|u− wh|2,Kh−3/2K ‖{vh − Ehvh}‖0,F
+
∑
K∈∂−1F
(|u− wh|1,K + hK‖f −QrKf‖0,K)h−1/2K ‖{vh − Ehvh}‖0,F .
Combined with Cauchy-Schwarz inequality and (3.13)-(3.14), we achieve
−
∑
F∈Fih
(J∂nFwhK, {vh − Ehvh})F
≤
∑
F∈Fih
‖J∂nFwhK‖0,F ‖{vh − Ehvh}‖0,F
.ε2|u− wh|2,h‖vh‖2,h + (|u− wh|1,h + osch(f)) |vh|1,h
. (‖u− wh‖ε,h + osch(f)) ‖vh‖ε,h.(3.20)
Making use of Cauchy-Schwarz inequality and (3.14) again, we get∑
F∈Fh
({∂nF (vh − Ehvh)}, Ju− whK)F − ∑
F∈Fh
σ
hF
(Ju− whK, Jvh − EhvhK)F
.
∑
F∈Fh
(
h
1
2
F ‖{∂nF (vh − Ehvh)}‖0,F +
1
h
1
2
F
‖Jvh − EhvhK‖0,F) 1
h
1
2
F
‖Ju− whK‖0,F
.‖u− wh‖ε,h|vh|1,h ≤ ‖u− wh‖ε,h‖vh‖ε,h,
which together with (3.18)-(3.20) implies
(f, vh − Ehvh)− bh(wh, vh − Ehvh) . (‖u− wh‖ε,h + osch(f)) ‖vh‖ε,h.
Finally we can finish the proof by combining (3.17) and the last inequality.
Theorem 3.4. Let u ∈ H20 (Ω) be the solution of problem (1.1), and uh ∈ Vh0 be
the discrete solution of IPMWX method (3.1). Then we have
‖u− uh‖ε,h . inf
wh∈Vh0
‖u− wh‖ε,h + osch(f).
Proof. By (3.2) and (3.1) with vh = uh − wh,
‖uh − wh‖2ε,h .ε2ah(uh − wh, vh) + bh(uh − wh, vh)
=(f, vh)− ε2ah(wh, vh)− bh(wh, vh).
Taking v = Ehvh in (1.2), we have
(3.21) ε2a(u,Ehvh) + b(u,Ehvh) = (f,Ehvh).
Thus it follows
‖uh − wh‖2ε,h .(f, vh − Ehvh)− ε2ah(wh, vh − Ehvh)− bh(wh, vh − Ehvh)
+ ε2ah(u− wh, Ehvh) + bh(u− wh, Ehvh).
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We get from Cauchy-Schwarz inequality, inverse inequality, and (3.15)
ε2ah(u− wh, Ehvh) + bh(u− wh, Ehvh)
=ε2ah(u− wh, Ehvh) +
∑
K∈Th
(∇(u− wh),∇Ehvh)K +
∑
F∈Fh
({∂nFEhvh}, JwhK)F
.‖u− wh‖ε,h‖Ehvh‖ε,h . ‖u− wh‖ε,h‖vh‖ε,h.
Then we acquire from (3.16)
‖uh − wh‖2ε,h . (‖u− wh‖ε,h + osch(f)) ‖uh − wh‖ε,h,
which indicates
‖uh − wh‖ε,h . ‖u− wh‖ε,h + osch(f).
We can end the proof by using the triangle inequality.
Let Ih be the Morley-Wang-Xu interpolation operator corresponding to the de-
grees of freedom (2.1). We have the following estimate (cf. [50, Lemma 3])
(3.22) ‖v − Ihv‖0,K + hK |v − Ihv|1,K + h2K |v − Ihv|2,K . hmin{s,3}K |v|s,K
for any K ∈ Th and v ∈ Hs(Ω) with s ≥ 2. By a standard scaling argument and the
trace inequality, we also have (cf. [38, (4.4)] and [52, (3.10)])
(3.23) 9 v − Ihv92 . h|v|1|v|2 ∀ v ∈ H2(Ω).
Combining Theorem 3.4 and (3.22), we get the following a priori error estimate.
Corollary 3.5. Let u ∈ H20 (Ω) be the solution of problem (1.1), and uh ∈ Vh0
be the discrete solution of IPMWX method (3.1). Assume u ∈ Hs(Ω) with some
s > 2, then we have
‖u− uh‖ε,h . (ε+ h)hmin {s,3}−2‖u‖s + osch(f).
Next we consider the influence of the boundary layers. Let u0 ∈ H10 (Ω) be the
solution of the Poisson equation
(3.24)
{
−∆u0 = f in Ω,
u0 = 0 on ∂Ω.
Assume we have the following regularities
(3.25) |u|2 + ε|u|3 . ε−1/2‖f‖0,
(3.26) |u− u0|1 . ε1/2‖f‖0,
(3.27) ‖u0‖2 . ‖f‖0.
The regularities (3.25)-(3.26) have been proved in [38, 30] and (3.27) is well-known
[27] when the domain Ω is convex.
Theorem 3.6. Let u ∈ H20 (Ω) be the solution of problem (1.1), and uh ∈ Vh0 be
the discrete solution of IPMWX method (3.1). Assume the regularities (3.25)-(3.27)
hold, then we have
(3.28) ‖u− uh‖ε,h . h1/2‖f‖0,
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(3.29) ‖u0 − uh‖ε,h . (ε1/2 + h1/2)‖f‖0.
Proof. We adopt the similar argument as in [38]. It follows from (3.22) and (3.25)
(3.30) ε2|u− Ihu|22,h . hε2|u|2|u|3 . h‖f‖20.
Taking v = u− u0 in (3.23), we get from (3.25)-(3.27)
9u− u0 − Ih(u− u0)92 . h|u− u0|1|u− u0|2 ≤ h|u− u0|1(|u|2 + |u0|2) . h‖f‖20.
By (3.22) and (3.27), it holds
9u0 − Ihu09 . h|u0|2 . h‖f‖0.
Thus we obtain from the last two inequalities
9u− Ihu9 . h1/2‖f‖0.
We can achieve (3.28) by using Theorem 3.4 and (3.30).
Then according to the triangle inequality and (3.25)-(3.27), it follows
‖u0 − uh‖ε,h ≤ ‖u0 − u‖ε,h + ‖u− uh‖ε,h ≤ ε|u0 − u|2 + |u0 − u|1 + ‖u− uh‖ε,h
≤ ε|u0|2 + ε|u|2 + |u0 − u|1 + ‖u− uh‖ε,h . ε1/2‖f‖0 + ‖u− uh‖ε,h,
which together with (3.28) implies (3.29).
Remark 3.7. In the case of ε . hγ with γ > 1, a better error estimate of ‖u −
uh‖ε,h can be derived if we apply the Nitsche’s technique to the IPMWX method (3.1)
as in [30], i.e. impose the boundary condition u = ∂nu = 0 weakly. To be specific,
the modified IPMWX method is to find uNh ∈ Vh such that
ε2aNh (u
N
h , vh) + bh(uh, vh) = (f, vh) ∀ vh ∈ Vh,
where
aNh (u
N
h , vh) := ah(u
N
h , vh)−
∑
F∈F∂h
(
(∂2nnu
N
h , ∂nvh)F + (∂nu
N
h , ∂
2
nnvh)F
− σ1
hF
(∂nu
N
h , ∂nvh)F −
σ2
h3F
(uNh , vh)F
)
,
with F∂h := Fh\F ih. Then if u0 ∈ Hs(Ω) with 2 ≤ s ≤ 3, we have (cf. [30, Theorem
1])
‖u− uNh ‖ε,h . ε1/2‖f‖0 + hs−1‖u0‖s.
This estimate is optimal if ε . h2(s−1), even though the exact solution u is not robustly
smooth enough with respect to the parameter ε. And it gives a better convergence
rate than 0.5 if ε . hγ with γ > 1.
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4. Super penalty Morley-Wang-Xu element method. In this section, we
will design another Morley-Wang-Xu element method with penalty for problem (1.1)
by applying the super penalty methods in [5, 13] to the Laplace operator. The super
penalty method possesses rather simple variational formulation. A similar penalty
method for the Laplace operator is the weakly over-penalized symmetric interior
penalty method developed in [9, 10].
Define discrete bilinear form
b˜h(w, v) :=
∑
K∈Th
(∇w,∇v)K +
∑
F∈Fh
1
h2p+1F
(JwK, JvK)F ∀ w, v ∈ H1(Ω) + Vh,
where 0 < p ≤ 1. The super penalty Morley-Wang-Xu (SPMWX) element method
for problem (1.1) is to find u˜h ∈ Vh0 such that
(4.1) ε2ah(u˜h, vh) + b˜h(u˜h, vh) = (f, vh) ∀ vh ∈ Vh0.
For any w ∈ H1(Ω) + Vh, define some discrete norms
9w92p := |w|21,h + ∑
F∈Fh
h
−(2p+1)
F ‖JwK‖20,F , ‖w‖2ε,p,h := ε2|w|22,h + 9w 92p .
It is apparent that
(4.2) ‖wh‖2ε,p,h . ε2ah(wh, wh) + b˜h(wh, wh) ∀ wh ∈ Vh.
By (3.15), we also have for any wh ∈ Vh0
‖Ehwh‖ε,p,h = ‖Ehwh‖ε,h . ‖wh‖ε,h . ‖wh‖ε,p,h.(4.3)
Lemma 4.1. Let u ∈ H20 (Ω) be the solution of problem (1.1). It holds for any
wh, vh ∈ Vh0
(f, vh − Ehvh)− ε2ah(wh, vh − Ehvh)− b˜h(wh, vh − Ehvh)
. (‖u− wh‖ε,p,h + hp|u|1 + osch(f)) ‖vh‖ε,p,h.(4.4)
Proof. Applying integration by parts, it follows
(f, vh − Ehvh)− b˜h(wh, vh − Ehvh)
=
∑
K∈Th
(f + ∆wh, vh − Ehvh)K −
∑
F∈Fih
(J∂nFwhK, {vh − Ehvh})F
−
∑
F∈Fh
({∂nFwh}, Jvh − EhvhK)F − ∑
F∈Fh
1
h2p+1F
(Ju− whK, Jvh − EhvhK)F .(4.5)
Using the Cauchy-Schwarz inequality, the inverse inequality and the triangle inequal-
ity, we have
−
∑
F∈Fh
({∂nFwh}, Jvh − EhvhK)F ≤ ∑
F∈Fh
h
p+ 12
F ‖{∂nFwh}‖0,Fh
−p− 12
F ‖JvhK‖0,F
.hp|wh|1,h‖vh‖ε,p,h
≤hp(|u|1 + |u− wh|1,h)‖vh‖ε,p,h
≤hp(|u|1 + ‖u− wh‖ε,p,h)‖vh‖ε,p,h,(4.6)
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−
∑
F∈Fh
1
h2p+1F
(Ju− whK, Jvh − EhvhK)F =− ∑
F∈Fh
1
h2p+1F
(Ju− whK, JvhK)F
.‖u− wh‖ε,p,h‖vh‖ε,p,h.(4.7)
Combining (3.19)-(3.20) and (4.5)-(4.7), we get
(f, vh − Ehvh)− b˜h(wh, vh − Ehvh) . (‖u− wh‖ε,p,h + hp|u|1 + osch(f)) ‖vh‖ε,p,h,
which together with (3.17) implies (4.4).
Theorem 4.2. Let u ∈ H20 (Ω) be the solution of problem (1.1), and u˜h ∈ Vh0 be
the discrete solution of the SPMWX method (4.1). Then we have
‖u− u˜h‖ε,p,h . inf
wh∈Vh0
‖u− wh‖ε,p,h + hp|u|1 + osch(f).
Proof. By (4.2) and (4.1) with vh = u˜h−wh, and following the line of the proof
of Theorem 3.4, we have
‖u˜h − wh‖2ε,p,h .(f, vh − Ehvh)− ε2ah(wh, vh − Ehvh)− b˜h(wh, vh − Ehvh)
+ ε2ah(u− wh, Ehvh) + b˜h(u− wh, Ehvh).
Combined with Cauchy-Schwarz inequality, inverse inequality, and (4.3), it holds
ε2ah(u− wh, Ehvh) + b˜h(u− wh, Ehvh)
=ε2ah(u− wh, Ehvh) +
∑
K∈Th
(∇(u− wh),∇Ehvh)K
.‖u− wh‖ε,p,h‖Ehvh‖ε,p,h . ‖u− wh‖ε,p,h‖vh‖ε,p,h.
Then from (4.4), we have
‖u˜h − wh‖ε,p,h .‖u− wh‖ε,p,h + hp|u|1 + osch(f).
Using the triangle inequality, we have
‖u− u˜h‖ε,p,h . inf
wh∈Vh0
‖u− wh‖ε,p,h + hp|u|1 + osch(f),
as required.
Corollary 4.3. Let u ∈ H20 (Ω) be the solution of problem (1.1), and u˜h ∈ Vh0
be the discrete solution of the SPMWX method (4.1). Assume u ∈ Hs(Ω) with some
s > 2, then we have
‖u− u˜h‖ε,p,h .
(
εhmin {s,3}−2 + hmin {s,2p+1}−p−1
)
‖u‖s + osch(f).
In particular, if p = 1, then
‖u− u˜h‖ε,p,h . hmin {s,3}−2‖u‖s + osch(f).
If p = (s− 1)/2 with s ≤ 3, then
‖u− u˜h‖ε,p,h .
(
ε+ h(3−s)/2
)
hs−2‖u‖s + osch(f).
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5. Numerical Results. In this section, we will report some numerical results
for the IPMWX method (3.1) and the SPMWX method (4.1). Set σ = 5 in the
IPMWX method (3.1).
5.1. Example 1. In the first example, let Ω be the unit square (0, 1)2, and we
use the uniform triangulation Th of Ω. The exact solution is taken as
u(x1, x2) = (sin(pix1) sin(pix2))
2.
The right hand side f is computed from (1.1).
The errors ‖u−uh‖ε,h for different h and ε are shown in Table 5.1 for the IPMWX
method (3.1). We can see that ‖u−uh‖ε,h = O(h) when ε = O(1), and ‖u−uh‖ε,h =
O(h2) when ε 1, which coincide with Corollary 3.5. The optimal convergence rate
of ‖u − uh‖ε,h when ε  1 for this example is achieved since the exact solution u
is robustly smooth enough with respect to the parameter ε. However, such a robust
high regularity of u does not hold for a general right hand side f , as indicated by
(3.25)-(3.26). We will observe the boundary layers in the next example. Then set
p = 1 in the SPMWX method (4.1). The errors ‖u − u˜h‖ε,p,h for different h and
ε are shown in Table 5.2 for the SPMWX method (4.1). It can be observed that
‖u− u˜h‖ε,p,h = O(h) no matter what value the parameter ε takes, which agrees with
Corollary 4.3.
Table 5.1
Error ‖u− uh‖ε,h of the IPMWX method for Example 1
ε h 2−2 2−3 2−4 2−5 2−6 2−7
1
‖u− uh‖ε,h 1.053E+01 5.938E+00 3.076E+00 1.553E+00 7.781E-01 3.893E-01
rate - 0.83 0.95 0.99 1.00 1.00
10−1
‖u− uh‖ε,h 8.613E-01 5.004E-01 2.835E-01 1.512E-01 7.726E-02 3.886E-02
rate - 0.78 0.82 0.91 0.97 0.99
10−2
‖u− uh‖ε,h 3.650E-01 1.046E-01 2.929E-02 1.405E-02 7.020E-03 3.632E-03
rate - 1.80 1.84 1.06 1.00 0.95
10−3
‖u− uh‖ε,h 3.796E-01 1.545E-01 3.832E-02 8.846E-03 1.812E-03 3.992E-04
rate - 1.30 2.01 2.11 2.29 2.18
10−4
‖u− uh‖ε,h 3.798E-01 1.555E-01 3.915E-02 9.585E-03 2.367E-03 5.832E-04
rate - 1.29 1.99 2.03 2.02 2.02
10−5
‖u− uh‖ε,h 3.798E-01 1.555E-01 3.916E-02 9.593E-03 2.375E-03 5.910E-04
rate - 1.29 1.99 2.03 2.01 2.01
0
‖u− uh‖ε,h 3.798E-01 1.555E-01 3.916E-02 9.593E-03 2.375E-03 5.911E-04
rate - 1.29 1.99 2.03 2.01 2.01
5.2. Example 2. Now we examine the performance of the IPMWX method (3.1)
for problem (1.1) with boundary layers on the same domain Ω and uniform triangu-
lation Th as in Example 1. Take the exact solution of the Poisson equation (3.24) to
be
u0(x1, x2) = sin(pix1) sin(pix2).
Then the right hand term for problems (1.1) and (3.24) is set to be
f(x1, x2) = −∆u0 = 2pi2 sin(pix1) sin(pix2).
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Table 5.2
Error ‖u− u˜h‖ε,p,h of the SPMWX method for Example 1
ε h 2−2 2−3 2−4 2−5 2−6 2−7
1
‖u− u˜h‖ε,p,h 1.071E+01 5.938E+00 3.060E+00 1.542E+00 7.726E-01 3.865E-01
rate - 0.85 0.96 0.99 1.00 1.00
10−1
‖u− u˜h‖ε,p,h 1.254E+00 6.670E-01 3.372E-01 1.690E-01 8.457E-02 4.229E-02
rate - 0.91 0.98 1.00 1.00 1.00
10−2
‖u− u˜h‖ε,p,h 8.198E-01 3.848E-01 1.918E-01 9.600E-02 4.802E-02 2.401E-02
rate - 1.09 1.00 1.00 1.00 1.00
10−3
‖u− u˜h‖ε,p,h 8.143E-01 3.807E-01 1.898E-01 9.501E-02 4.753E-02 2.377E-02
rate - 1.10 1.00 1.00 1.00 1.00
10−4
‖u− u˜h‖ε,p,h 8.142E-01 3.807E-01 1.897E-01 9.500E-02 4.752E-02 2.376E-02
rate - 1.10 1.00 1.00 1.00 1.00
10−5
‖u− u˜h‖ε,p,h 8.142E-01 3.807E-01 1.897E-01 9.500E-02 4.752E-02 2.376E-02
rate - 1.10 1.00 1.00 1.00 1.00
0
‖u− u˜h‖ε,p,h 8.142E-01 3.807E-01 1.897E-01 9.500E-02 4.752E-02 2.376E-02
rate - 1.10 1.00 1.00 1.00 1.00
Table 5.3
Numerical errors of the IPMWX method for Example 2 with ε = 10−6
h ‖u0 − uh‖0 rate |u0 − uh|1,h rate ‖u0 − uh‖ε,h rate
2−2 5.2098E-02 - 1.5242E+00 - 1.6884E+00 -
2−3 1.5193E-02 1.78 9.3654E-01 0.70 1.0357E+00 0.71
2−4 5.3450E-03 1.51 6.3412E-01 0.56 7.0261E-01 0.56
2−5 2.0058E-03 1.41 4.4401E-01 0.51 4.9227E-01 0.51
2−6 7.8914E-04 1.35 3.1327E-01 0.50 3.4738E-01 0.50
2−7 3.2819E-04 1.27 2.2140E-01 0.50 2.4552E-01 0.50
2−8 1.4462E-04 1.18 1.5653E-01 0.50 1.7359E-01 0.50
The solution u for problem (1.1) with this right hand term possesses strong boundary
layers when ε is very small. The explicit expression of u is unknown. Here we take
ε = 10−6. Numerical errors ‖u0 − uh‖0, |u0 − uh|1,h and ‖u0 − uh‖ε,h are shown
in Table 5.3. It can be observed that the convergence rate of ‖u0 − uh‖ε,h is just
0.5, as indicated by (3.29). We can recover the optimal convergence rates for errors
‖u0 − uh‖0, |u0 − uh|1,h and ‖u0 − uh‖ε,h by using the Nitsche’s technique as in [30]
(see Remark 3.7).
5.3. Example 3. At last, we testify the IPMWX method (3.1) in three dimen-
sions. Let Ω be the unit cube (0, 1)3, and take the uniform triangulation. Set
u(x1, x2, x3) = (sin(pix1) sin(pix2) sin(pix3))
2,
and the right hand side f is computed from (1.1).
The errors ‖u−uh‖ε,h for different h and ε are shown in Table 5.4 for the IPMWX
method (3.1). As indicated by Corollary 3.5, it is numerically shown again that
‖u− uh‖ε,h = O(h) when ε = O(1), and ‖u− uh‖ε,h = O(h2) when ε 1.
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Table 5.4
Error ‖u− uh‖ε,h of the IPMWX method for Example 3
ε h 2−1 2−2 2−3 2−4 2−5
1
‖u− uh‖ε,h 1.189E+01 7.346E+00 3.635E+00 1.798E+00 8.957E-01
order - 0.69 1.02 1.02 1.01
10−1
‖u− uh‖ε,h 1.212E+00 6.297E-01 3.379E-01 1.762E-01 8.913E-02
order - 0.94 0.90 0.94 0.98
10−2
‖u− uh‖ε,h 7.835E-01 2.634E-01 7.093E-02 2.214E-02 9.075E-03
order - 1.57 1.89 1.68 1.29
10−3
‖u− uh‖ε,h 7.787E-01 2.593E-01 6.668E-02 1.698E-02 4.280E-03
order - 1.59 1.96 1.97 1.99
10−4
‖u− uh‖ε,h 7.786E-01 2.593E-01 6.667E-02 1.697E-02 4.269E-03
order - 1.59 1.96 1.97 1.99
10−5
‖u− uh‖ε,h 7.786E-01 2.593E-01 6.667E-02 1.697E-02 4.269E-03
order - 1.59 1.96 1.97 1.99
0
‖u− uh‖ε,h 7.786E-01 2.593E-01 6.667E-02 1.697E-02 4.269E-03
order - 1.59 1.96 1.97 1.99
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